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Abstract

Overdosing occurs frequently because of prescription errors in neonates, infants, children, adolescents, and adults. Currently there is no quantitative
approach that can be used by clinicians to adjust dosing so that toxic drug concentrations can be brought back to levels observed with safe and
efficacious therapeutic doses.We present a mathematical solution that offers the time between last overdosing and next therapeutic dose to achieve
therapeutic drug concentrations as soon as possible.To facilitate applications of this solution in clinical practice, a minimal amount of information has to
be provided, and no simulations are necessary to compute the optimal waiting time. For educational purposes,we provide access to an online decision
support tool for overdosing situations (Time to nextDose Calculator) that (1) computes the waiting time after accidental overdosing in patients with
normal elimination and (2) computes the waiting time and adjusted reference dosing for patients with abnormal elimination. This user-friendly online
tool will help clinicians to quickly adjust a dosing schedule in overdosing situations to mitigate risk for negative clinical consequences.
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Prescribing errors frequently occur in adults1–3 and
pediatric patients. A 6-week study in 5 UK hospitals
reported a prescribing error of 13.2% in pediatric
inpatients, in whom errors in drug preparation are most
common.4 Once or repeated overdosing is an essential
outcome of prescribing errors and a potentially fatal
clinical situation in both, in- and outpatient settings,
often leading to negative short- and long-term damage.
Neonates and infants are at increased risk of overdos-
ing because drug clearance is dramatically changing
due to maturation processes during the first week of
life, and daily dose adjustments are required based on
individual patient characteristics. One of the critical
questions after overdosing is to understand the time
it will take for the drug concentration to return to
the target range associated with correct therapeutic
dosing. This is particularly important in clinical sit-
uations in which the next correct reference dose has
to be administered at the right time to ensure safe
and efficacious treatment, for example, antibiotics to
treat life-threatening infection or immunosuppressive
agents to preserve the transplanted organ. Quite a few
drugs including antibiotics such as aminoglycosides5

or glycopeptides6 have a narrow therapeutic window
between insufficient efficacy and increased toxicity. For
example, high concentrations of aminoglycosides are
associated with ototoxicity7 and nephrotoxicity8 in
neonates, whereas low drug concentrations can result

in unfavorable clinical outcomes and increase the risk
of drug resistance.9,10

For these reasons, it is clinically relevant to have a
quantitative approach that helps clinicians to adjust
dosing strategy after overdosing so that drug con-
centration returns to a safe therapeutic range within
the shortest possible time. In this work, we introduce
a generally valid mathematical solution to calculate
the optimal time for next therapeutic dose, called the
waiting time, after an overdosing period, so that drug
concentration returns to concentrations observed with
correct therapeutic dosing.

We consider 2 clinically relevant overdosing cases:

1. Accidental incorrect administration of doses
higher than the recommended reference doses to
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patients with normal (“typical”) drug elimina-
tion.

2. Administration of recommended reference doses
that require adjustment because of abnormal,
reduced elimination, for example, as a result of
impaired kidney function.

We propose a mathematical solution to assess the
appropriate waiting time to next therapeutic dose in
such overdosing events. The solution is based on
pharmacokinetic models, which have been well es-
tablished for decades,11 and allows quantification of
drug absorption, distribution, metabolism, and elim-
ination. Our mathematical solution is illustrated by
2 case studies with amikacin and vancomycin. For
educational purposes we developed an online decision
support tool for overdosing, named the Time to next
Dose Calculator (TDOC), based on our mathematical
solution.

The goal was to develop a user-friendly, instant
solution that requires aminimal amount of information
and computes an appropriate time to the next therapeu-
tic dose without the need for performing simulations.
In the first case, the recommended reference dosing,
the half-life of the drug and the actual overdosing,
that is, the doses higher than the recommended ref-
erence, have to be provided, and the waiting time is
calculated without any therapeutic drug monitoring.
In the second case, unadjusted reference dosing, that
is, the recommended reference dose that is not ad-
justed to reduced drug elimination, the typical half-
life of subjects with normal elimination, the desired
therapeutic concentration, and a single measured drug
concentration after multiple dosing (ie, drug concen-
tration close to steady state) are required to calculate
the waiting time for abnormal elimination. Moreover,
with this information the correct adjusted reference
dosing is obtained to continue with safe and effica-
cious dosing. For both cases we present real clinical
incidents.

Mathematical modeling as part of quantitative clin-
ical pharmacology is frequently used in drug research
and development. The presented work bridges the
gap between application of such methods and clinical
practice, supporting clinicians who care for safe and
efficacious use of drugs in neonates, infants, children,
adolescents, and adults.

Methods
A patient with a correctly prescribed and adminis-
tered dosing regimen of a drug can be considered
a stable system, and overdosing is an external in-
fluence that might catapult the patient into a life-
threatening situation. In general, 2 components are

necessary to govern a perturbed system: (1) a math-
ematical model to describe the dynamics of the sys-
tem, and (2) a method to control the system during
perturbation. Translated to a patient with overdosing,
these 2 steps are: (1) apply pharmacokinetic modeling
to describe the drug clearance of the patient, and
(2) develop a mathematical solution to calculate an
appropriate waiting time and dosing strategy based
on such a model to return the patient to therapeutic
dosing.

The human body can be viewed as a unit, and ho-
mogenous distribution of the drug throughout the body
is assumed. This so-called 1-compartment pharmacoki-
neticmodel adequately describes the concentration pro-
files over time for most drugs used in clinical practice12

andwas therefore applied in ourmathematical solution.
The waiting time after accidental overdosing until the
blood concentration of a drug returns to the target
range with therapeutic dosing is then calculated by
solving a mathematical equation. This equation relates
the drug concentration over time after overdosing,
with the therapeutic target range characterized by the
steady-state concentration obtained from the correct
reference dosing.

For a patient with normal drug elimination, the wait-
ing time until the next therapeutic dose depends on the
reference dosing and the half-life of the administered
drug. Here the half-life can be used to incorporate
patient characteristics such as immature renal elimi-
nation in neonates and infants. Concentration mea-
surements from therapeutic drug monitoring are not
necessary. For patients with reduced drug elimination,
the steady-state concentration obtained from reference
dosing in subjects with normal elimination has to
be adjusted by the difference of the desired correct
therapeutic range and the actual observed steady-state
concentration.

In this section, we present the necessary basic
mathematical formalism and calculations but out-
source details of the derivations to the Appendix. In
step 1, we introduce the linear 1-compartment model.
In the second step, we calculate the elimination rate
for patients with normal and abnormal elimination.
In the last step, we present a general valid method to
define the waiting time and derive an explicit formula
for the waiting time for the 1-compartment model with
intravenous bolus administration.

For educational purposes, we developed an online
decision support tool for accidental overdosing, the
Time to next Dose Calculator, based on our math-
ematical solution. In Figure 1 a conceptual plot of
the input/output and functioning of the calculator
is shown. The calculator is publicly and freely avail-
able for educational purposes at http://dosecorrection.
mashframe.com.
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Figure 1. The conceptual plot shows the necessary steps to compute the waiting time for the next therapeutic dose to achieve drug concentrations
within target range (dashed blue lines). As input, the recommended reference dosing and the half-life of the drug have to be provided. In addition,
for normal elimination the administered overdosing and for abnormal elimination the desired and measured trough concentrations are necessary.
(A) Target range and steady state of the therapeutic drug concentration (solid blue line). (B) Plot of hypothetical 3 times overdose (red solid line), and
return of the drug concentration to the lower bound of the desired target range is marked (black circle). The waiting time is the difference between
the last overdose and the lower bound of the target range.The output is the waiting time for the next therapeutic dose and also the adjusted reference
dose in case of abnormal elimination. Hence, after the waiting time, safe and efficacious dosing is continued (C).

Definition of Drug Concentration, the Linear 1-
Compartment Model, and the Steady-StateConcentration
Drug concentration over time, C(t), is the ratio of drug
amount, A(t), and the volume of distribution, V, for
the drug:

C(t) = A (t)
V

.

Please note that V is only a scaling factor relating
amount with concentration. We characterize the dy-
namic of C(t) with a 1-compartment pharmacokinetic
model reading in differential equation form

d

dt
C(t) = I n (t)

V
− kelC (t) , C(0) = 0

where kel is the elimination rate. The route of adminis-
tration for multiple intravenous boluses is

I n (t) =
n∑

i=1

diδ (t − ti )

where n is the number of doses, di is the administered
dose at time ti for i = 1, . . . , n, and δ is the Dirac delta
impulse function. The explicit solution of the linear
1-compartment model reads

C(t) = 1
V

t∫
0

exp (−kel (t − ξ ))
n∑

i = 1

diδ (ξ − ti ) dξ. (1)

The concentration after last intravenous bolus ad-
ministration, t ≥ tn, is

Cn (t) = exp (−kel t)
V

Qn (2)

with

Qn =
n∑

i=1

di exp (kel ti ) . (3)

The steady-state concentration is defined for a refer-
ence dose, dre f , administered equidistantly every τ time
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units:

CSS (s) = dre f

V
exp (−kels)

(
1

1 − exp (−kelτ )

)
,

0 ≤ s ≤ τ. (4)

Using Eq. (4), the minimal and maximal values of
the steady-state concentration for an intravenous bolus
then read

Cmin
SS = CSS (τ ) = dre f

V
P and

Cmax
SS = CSS (0) = dre f

V
(1 + P) (5)

with

P = exp (−kelτ )
1 − exp (−kelτ )

. (6)

Elimination Rate for Normal and Abnormal Elimination
For patients with normal drug elimination, the elimina-
tion rate, knorm

el , is calculated directly from the half-life,
T1/2, by

knorm
el = ln (2)

T1/2
. (7)

The elimination rate for patients with an abnor-
mal elimination is based on the normal elimination
rate, knorm

el , together with a multiplicative factor, α,

describing the difference between the desired therapeu-
tic range and the actual measured concentration and
reads

kab
el = knorm

el + 1
τ
ln

(
1 + (α − 1) exp

(−knorm
el τ

)
α

)
. (8)

The adjusted reference dose for patients with abnor-
mal elimination becomes

dab
re f = dre f

α
. (9)

Explicit Solving of the Equation Defining the Optimal
Waiting Time
In general, the optimal waiting time, twait , is defined by
the equation

C∗ = Cn (twait + tn) (10)

where

C∗ = dre f

V
P (11)

is the target drug concentration to be achieved, in our
case the minimal steady-state concentration. Solving
Eq. (10) for the 1-compartment model with intravenous
bolus provides the waiting time

twait = 1
kel

ln
(

Qn

dre f P

)
− tn. (12)

This formula is implemented in the TDOC. Please
note that the waiting time is independent of the volume
of distribution. For patients with normal elimination,
kel is set to knorm

el . For patients with abnormal elimina-
tion, kel is set to kab

el and dre f becomes the adjusted dose,
dab

re f .

Results
In this section we present 2 applications: case study I,
with overdosing as a result of a prescription error (ac-
cidental overdosing), and case study II, with overdosing
as a result of reduced drug elimination.

Case Study I — Accidental 10-Fold Amikacin Overdose in
a Preterm Male 1-Day-Old
Amikacin is employed to treat bacterial infections and
listed by the World Health Organization as one of
the most important medications needed in a basic
health system. Amikacin is administered intravenously
and intramuscularly and eliminated primarily by the
kidneys. High amikacin concentrations cannot only be
ototoxic but also nephrotoxic13 and as such lead to
increased drug concentration by reducing renal drug
elimination. In our case study, a 1-day-old preterm
male neonate (gestational age, 29 weeks) with a weight
of 1 kg experienced an overdosing event on his first
day of life, receiving an intravenous amikacin dose 10
times higher than the weight-adjusted reference dose14

of 8.4 mg (7.5 mg/kg/d). To account for age, the half-
life of amikacin was set to 10–14 hours.15 Given these
inputs, the mathematical solution computed a waiting
time of 54–63 hours, that is, at least 2 days to achieve
safe and efficacious therapeutic concentrations with
the next reference dose. Hence, the waiting time is
estimated to be approximately 5 times the half-life. In
Figure 2, amikacin concentration, the measured drug
concentration, target range, andwaiting time are shown
for this neonatal patient.

Case Study II — Adjustment of Vancomycin Dosing in
Male Infant Because of Elevated Drug Concentration as
a Result of Impaired Kidney Function
Vancomycin is an antibiotic to treat serious life-
threatening infections and is also listed by the World
HealthOrganization as one of themost importantmed-
ications. A 10-week-old male infant receiving weight-
based reference dosing of 3 × 50-mg intravenous
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Figure 2. Amikacin concentrations for half-lives from 10 to 14 hours
(shaded red area), measured drug concentrations (red squares), and
target range (dashed blue lines) are shown. Indicated is the waiting
time (black circle) of 59 hours for a half-life of 12 hours after amikacin
concentration (solid red line) returned to the lower bound of the target
range.

bolus every day for 7 days16 (38 mg/kg/d) suffered an
undetected kidney impairment. A measurement of the
trough level on day 7 (steady-state condition) showed
a 3.5 times (multiplicative factor α in Eqs. (8)–(9))
higher concentration as the recommended level of
15 mg/L.17 Normal half-life for infants is reported18 to
be 5 hours. Using Eqs. (7)–(8) the abnormal half-life of
vancomycin in this patient is T ab

1/2 = 12 hours, resulting
in a waiting time of 30 hours. FromEq. (9), the adjusted
dose becomes 14 mg 3 times a day. The action from the

clinician was to first administer a single dose of 50 mg
on day 8 and a single dose of 25 mg on day 9.
Continuation with a dose of 25 mg per day would
lead to a subtherapeutic vancomycin concentration in
this patient. In Figure 3, vancomycin concentration,
measured drug concentrations, target range, the dose
adjustment from the clinician, and the continuation of
treatment based on our mathematical solution after the
waiting time are shown.

Discussion
What are current clinical behaviors after overdosing
due to a prescription error? One approach is to simply
estimate the waiting time by multiplying the drug
half-life by a factor 3 to 5.19 Although this rule of
thumb is based on a linear 1-compartment model,
obviously, it is only an empirical guidance and may not
be appropriate for multiple dosing with accumulation
behavior. Further, this rule assumes knowledge about
the individual half-life of the patient and a concentra-
tion measurement from therapeutic drug monitoring.
Another approach is to skip 1 or 2 administrations or
reduce the next doses based on some personal experi-
ence. This approach needs repeated drug monitoring to
return the concentration after several “guessed” dosing
adjustment attempts to the target range.

In contrast to these empirical trial-and-error ap-
proaches, our mathematical solution leverages phar-
macokinetic principles20 and control theory21,22 and
provides an accurate assessment of time to the next
safe and efficacious dose, not only after a single
overdose but also after multiple consecutive overdoses
with potentially life-threatening drug accumulation.
Our solution was applied to 2 fundamentally different

Figure 3. Vancomycin concentrations (solid red line), measured drug concentrations (red squares), and target range (dashed blue lines) are shown.
Indicated is the waiting time (black circle) of 30 hours after vancomycin concentration returned to the lower bound of the target range. The dose
adjustment from the clinician (dashed red line) and from our mathematical solution after the waiting time (solid blue line) is shown.
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real-case overdosing situations. In the first case study,
an accidental 10 times single overdose occurred in a
patient with normal elimination behavior. To calculate
the waiting time for the next safe and efficacious dose,
we emphasize that no therapeutic drug monitoring is
needed, and only the reference dosing, the half-life,
and the actual overdoses are necessary. In the second
case study, a patient with undetected kidney impair-
ment was treated with a reference dose for subjects
with normal drug elimination. With knowledge about
the desired therapeutic target drug concentration and
a single measured trough concentration after multi-
ple dosing, our mathematical solution allows com-
putation of the individual half-life corresponding to
the abnormal elimination behavior, the waiting time,
and the correct adjusted reference dose to continue
with safe and efficacious dosing after the waiting
time.

The presented solution to calculate an appropri-
ate waiting time after overdosing can be applied to
any drugs that follow the dynamics of a linear 1-
compartment model. For drugs with more complex
pharmacokinetic behavior, our method can be adjusted
to any other pharmacokinetic model, such as models
with more compartments, physiologically basedmodels
with several compartments to describe different organs,
models with nonlinear elimination behavior to describe
saturation effects, or even target-mediated drug dispo-
sition models based on drug-receptor binding kinetics.

For educational purposes, a freely and publicly
online support decision tool, the TDOC, was devel-
oped for accidental overdosing in patients with normal
elimination and overdosing because of an unadjusted
reference dose in patients with reduced drug elimina-
tion, for example, because of impaired kidney function.
Note that the current version of the online calculator
needs a half-life of drug only to calculate time to
next dose, whereas more complex models may require
additional data inputs from physicians, which in turn
can make such online tools less user friendly in clinical
practice. In addition, the TDOC can be applied to
drugs administered with a short infusion and orally
administered drugs with fast absorption.

The presented work represents a “bench-to-bed
translation,” leveraging mathematical modeling as part
of quantitative clinical pharmacology23 to facilitate
implementation of personalized medicine in clinical
practice.9 Our calculator supports clinicians with a
quantitative clinical pharmacology component who
care for optimizing treatment adjustment in neonates,
infants, children, adolescents, and adults after any ac-
cidental overdosing, taking into account both amount
and timing of overdoses.

The clinical relevance of the TDOC was highlighted
based on 2 common overdosing situations. The TDOC

can be used for educational purposes, allowing clini-
cians to simulate and investigate all kinds of different
overdosing scenarios and to gain further understanding
of the dynamics of drug exposure after overdosing
events. After appropriate validation with additional
clinical data, the TDOC also has the potential to
become a clinical decision support tool.

Of course, dose adjustments in overdosing situations
are complex, as multiple factors need to be considered.
As such, our calculator is not a medical device, as
it provides quantitative clinical pharmacology inputs
clinicians may or may not consider when they adjust
treatment strategies in case of overdosing. The devel-
oped Time to next Dose Calculator, TDOC, serves as
an example of a “human-in-the-loop” process in which
treatment options are calculated based on a computer
model assisting caregivers, who make the final clinical
decisions.
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Appendix
Explicit solution of the 1-compartment model after last
dosing
Solving the integral in Eq. (1) gives

Cn(t) = 1
V

n∑
i = 1

di exp (−kel (t − ti )) (A1)

= exp (−kel t)
V

n∑
i = 1

di exp (kel ti ) . (A2)

Steady-state concentration for intravenous bolus admin-
istration
For the steady-state condition we have an equal refer-
ence dose, dre f = di , and an equidistant dosing interval,
τ = ti+1 − ti , for i = 1, . . . , n − 1. From Eq. (A1) we
obtain

Cn (t) = dre f

V

n∑
i = 1

exp (−kel (t − ti )) for t ≥ tn. (A3)

We set s + tn = t for s ∈ [0, τ ] and obtain with
Eq. (A3)

Cref
n (s) = Cn (s + tn)

= dre f

V

n∑
i = 1

exp (−kel (s + tn − ti ))

= dre f

V
exp (−kels)

n∑
i = 1

exp (−kel (n − i) τ )

= dre f

V
exp (−kels)

n−1∑
i = 0

exp (−kelτ )
i

= dre f

V
exp (−kels)

(
1 − exp (−kelnτ )
1 − exp (−kelτ )

)
.

In the limit n → ∞ we have

CSS (s) = lim
n→∞ Cref

n (s)

= dre f

V
exp (−kels)

(
1

1 − exp (−kelτ )

)
,

0 ≤ s ≤ τ (A4)

and Eq. (4) is shown. Eq. (A4) describes the steady-state
concentration profile during 1 arbitrary cycle.

Normal half-life
The half-life of the 1-compartment model with d
objects at time t = 0 in compartment C reads

d

dt
C(t) = −knorm

el C (t) , C(0) = d (A5)

where knorm
el is the normal elimination rate. The explicit

solution of Eq. (A5) is

C (t) = d exp
(−knorm

el t
)

(A6)

Inserting Eq. (A6) in the definition of the half-life
T1/2

C
(
T1/2

) = 1
2

C (0)

gives

exp
(−knorm

el T1/2
) = 1

2
⇔ −knorm

el T1/2

= ln
(
1
2

)
⇔ T1/2 = ln (2)

knorm
el

.

Hence, for a given half-life the elimination rate can
be calculated by Eq. (7).
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Abnormal half-life
The abnormal elimination rate kab

el is calculated from
the difference of themeasured and desired drug concen-
trations of the steady state. The difference is described
by the factor α. Using Eq. (6) with kel = knorm

el we set

Pab = αP

⇔ exp
(−kab

el τ
)

1 − exp
(−kab

el τ
) = α exp

(−knorm
el τ

)
1 − exp

(−knorm
el τ

) . (A7)

With f (z) = z
1−z , Eq. (A7) reads

f
(
exp

(−kab
el τ

)) = α · f
(
exp

(−knorm
el τ

))
and with f −1 (z) = z

1+z we obtain

exp
(−kab

el τ
) = f −1

(
α · f

(
exp

(−knorm
el τ

)))
= α exp

(−knorm
el τ

)
1 + (α − 1) exp

(−knorm
el τ

)

Logarithmizing results in

−kab
el τ = ln (α) − knorm

el τ

− ln
(
1 + (α − 1) exp(−knorm

el τ )
)

and Eq. (8) is shown.

Calculation of the waiting time
Substituting Eqs. (2), (11) in Eq. (10)

dre f

V
P = exp (−kel (twait + tn))

V
Qn

⇔ ln
(
dre f P

) = ln (Qn) − kel (twait + tn)

results in Eq. (12).


